Perturbative approach to Separated Eigenvalues
Instability Criterion

$Assumptions = {Element[ill , Reals] &&
Element[i110, Reals] && Element[i100, Reals] && Element[all, Reals] &&
Element[a0l1l, Reals] && Element[al0®, Reals] && Element[a00, Reals] };

F=({

{i11, {10},

{ile, 00}

1)

A=({

{I all, I a01},

{I alo, I a00}

})s

A = Inverse[F] . A;

A // MatrixForm
FullSimplify[Eigenvalues([A ]]
S =Tr[a] // Simplify;

DetL = (Tr[A]) A2 -4 Det[A] ;

check fore=0

Fe0 = ({

{n117r2, 0},

{6, neGO~"2}

Hs

Ae0 = ({

{Iwnlli?r2, 0},

{6, TwneO"2}

Hs

AeO = Inverse[Fe0] . Ae0O;
Ae® // MatrixForm
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Expansionin eand 6

i11 = n1142 +d1 &

910 = yle + yeh2;

i00 = nGOA2 + dO S ;

all = wnll”*2+ alé + ale”2;
ale = Ble;

adl = pOe;

a0 = wnooOr"2+ a0 b + a@ e 2;
DetLd® = DetL /. 6 -0 ;
Series[DetLd0O, {e, 0, 2}]

Series[DetLd0O, {e, 0, 2}] // Simplify
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Entanglement Coefficients

X={x,y}; grad[f_] := D[f, {X}]; perp[{kl_, k2_}] := {k2, -k1};
kO = {my,n}; c=Nm/ (m*"2+n”"2)7A(3/2) kO; u={ul, u2}; zero= {0, 0};
Q[{kl_, k2_}] :=N=* k1/ (k172+k2A2)A (1/2);
di{kl_, k2_}] := ( ( (KL+pul)"r2+ (k2+pu2)72) Q[{kl, k2} +u] ) A-1;
wi{kl_, k2_}, 0 ] :=c. ({kl, k2} +u) +oQ[{k1l, k2} + u];
la[{kl_, k2_}, 0 ] t=-v* ((k1+pl)"r2+ (k2+p2)"2) +I+xw[{kl, k2}, o]}
R[j_, j1_1[o_, 01_] :=

(-I) »Residue[l/ ((z-1la[j, o]) (z-1la[j1, o1])), {z, La[], ol}] ;
fl{jl_, j2_}, 0 ] :=Exp[I {j1l, j2} . X] /Sqrt[2] {1, -0 };
(* eigenvectors in the new variables x)
fHarm[{j1_, j2_}, o_] := Exp[-I {j1, j2} . X] f[{j1, j2}, ol;

Jmubar[{kl , k2 _}] := {{0, I (k1+pul)}, {I (k1+pul), 0}};

LoOHarm[ {kappal_, kappa2_}]1[{kl_, k2_}] := KroneckerDelta[0, kappal]
KroneckerDelta[0, kappa2] {{-v* ((k1+pul) 22+ (k2+p2)72) +Ic. ({k1, k2} +pu) ,
“N* I (KL+pul) /Sqri[ (Kl +pul) A2+ (k2 +pu2)A72] 3},
{-N» I (kl+pul) /Sqrt[(kl+pul)*2+ (k2+pu2)"2] ,
-v* ((k1+pul) 22+ (k2+p2)72) +Ic. ({kl1, k2} +u) }};
L01Harm[ {kappal_, kappa2_}]1[{kl_, k2_}] :=
€ / 2 (KroneckerDelta[m, kappal] KroneckerDelta[n, kappa2] +
KroneckerDelta[-m, kappal] KroneckerDelta[-n, kappa2])
{{ -((M*2+n7r2)7(1/2))7r-1Iperp[kO] . ({k1l, k2} +u) ,
Iperp[kO] . (({kl, k2} +u) /Sqrt[(kl+pul) 2+ (k2 +p2)22]) },
{0, 1 /Sqrt[(kl+kappal+ul)*r2+ (k2 + kappa2 +pu2) 2]
(( =(MmA24+n7r2)7r(1/2) )A-1Tperp[kO] . ({k1l, k2} +pu) =*
Sqrt[ (k1 +pl)*2+ (k2 +p2)22] + (mMr2+nr2)7A(1/2)1I
perp[k0] . (({kl, k2} +u) /Sqrt[(kl+ul) "2+ (k2+pu2)"2])) }};
LoHarm[ell_] [{kappal_, kappa2_}][{k1l_, k2_}] :=
If[ ell == 0, LOGHarm[ {kappal, kappa2}][{kl, k2}] ,
If[ell == 1, LO1Harm[{kappal, kappa2}][{kl, k2}], 0] 1;

Blell_1[{kl_, k2_}1[{jpl_, jp2_}, op_1[{j1_, j2_}, 0_] :=
If[ {jl"'kl’ j2+k2} == {jpls jpz},
( Jmubar[{jl+kl, j2+k2}] . (LOHarm[ell] [{k1l, k2}]1[{j1, j2}] .
fHarm[{j1, j2}, o] ) ) . fHarm[{jpl, jp2}, op] , O];

Liell_J[{k1_, k2_}1[{jpl_, jp2_}, op_1[{31_, j2_}, 0_]:
If[ {j1+k1, j2+k2} = {jpl, jp2},
( LOHarm[ell][{k1l, k2}1[{j1, j2}] . fHarm[{j1, j2}, o] ) .
fHarm[{jpl, jp2}, op]l , O];

{x, ¥y}
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Residue[l/ ((z-TIa) (z-Ib)), {z, Ia}] // FullSimplify

Test

d[{kl, k2}]

d[zero]

w[zero, 1] // FullSimplify

w[ko, -1] // FullSimplify

w[{j1l, j2}, 1] // FullSimplify

R[zero, {j1, j2}]1[1, 1] // FullSimplify

LoOHarm[ {kappal, kappa2}][{kl, k2}] // MatrixForm
LolHarm[ {kappal, kappa2}][{kl, k2}] // MatrixForm
Jmubar[{kl, k2}] . LOOHarm[{kappal, kappa2}][{kl, k2}] // Simplify //
MatrixForm
Jmubar[{kl, k2}] . LO1Harm[ {kappal, kappa2}]1[{kl, k2}] // Simplify // MatrixForm

Simplify[ MatrixForm[ LOOHarm[zero] [{kl, k2}] ], Assumptions - {m # 0, n# 0} ]
Simplify[ MatrixForm[ LO1Harm[kO] [{kl, k2}] ], Assumptions - {m # 0, n# 0} ]

Simplify[ MatrixForm[ LO1Harm[-kO] [{k1l, k2}] 1, Assumptions > {m # 0, n# 0} ]

Simplify[ LO1Harm[-kO] [k@] . fHarm[kO, -1], Assumptions - {m # 0, n# 0} ]
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FullSimplify[ IJmubar[zero] . (LO1Harm[-k0o] [kO] . fHarm[kO, -17),
Assumptions -» {m # 0, n# 0} ]

Blmk = FullSimplify[ B[1] [-kO] [zero, -1] [kO, -1] , Assumptions - {m # 0, n# 0} ]
(» checked also with pen and paper =)

Blpk = FullSimplify[ B[1] [k0] [k©®, 1] [zero, 1] , Assumptions -» {m # 0, n# 0} ]

LOOOpM =
FullSimplify[ L[O] [zero] [zero, 1] [zer0o, -1] , Assumptions » {m # 0, n# 0} ]

LOOOmMp =
FullSimplify[ L[O] [zero] [zero, -1] [zero, 1] , Assumptions » {m # 0, n# 0} ]

LOkkpm = FullSimplify[ L[0] [zero] [k®, 1] [kO@, -1] , Assumptions - {m # O, n# 0} ]

LOkkmp = FullSimplify[ L[O] [zero] [kO@, -1] [kO, 1] , Assumptions > {m # 0, n# 0} ]

L1kOmp = FullSimplify[ L[1] [kO] [kO, -1][zero, 1] , Assumptions - {m # 0, n# 0} ]

Simplify[L1kOmp]
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L10kpm = FullSimplify[ L[1]1[-kO] [zero, 1] [kO, -1] , Assumptions-» {m # 0, n# 0} ]

Computation of € Subscript[y, 1]

fHarm[zero, -1] . fHarm[zero, +1]
fHarm[kO, -1] . fHarm[kO, +1]

1/R[zero, zero] [+1, -1] // FullSimplify
1/R[ke, k@] [-1, 1]

(» d[zero] Blmk R[kO,zero][-1,-1] ( fHarm[zero,-1] .fHarm[zero,+1] )-
d[k0] Blpk R[zero,k0][1,1] ( fHarm[k0,-1] .fHarm[kO,+1] ) «)

epsgl = FullSimplify[

d[zero] Blmk R[zero, zero][1, -1] ( fHarm[zero, -1] . fHarm[zero, +1] ) -
d[kOe] Bipk R[k0O, k0] [-1, 1] ( fHarm[k0, -1] . fHarm[kO, +1] )

, Assumptions - {m # 0, n# 0} ]

gl = epsgl/e;

Computation of i € Subscript[g, 1]

(* L10kpm +d[zero] Bl k R[zero,k0][1,1] LOOOpm-
d[k0] Blpk R[zero,k0][1,1] LOkkpm %)

iepsbl = Simplify[

L10kpm +d[zero] Blmk R[kO, k0] [-1, 1] LoOOpm - d[kO] Blpk R[kO, k0] [-1, 1] LOkkpm
, Assumptions - {m # 0, n# 0} ]

bl = iepsbl/ (I€);

Computation of i € Subscript[, 0]
(* L1kOmp -d[k0] Blpk R[zero,k0][1,1] LOkkmp+
d[zero] Blmk R[kO,zero][-1,-1] LOOOmMp =*)

iepsb0 = Simplify[

Likemp - d[kO] Blpk R[k0, k0] [-1, 1] Lokkmp +
d[zero] Blmk R[zero, zero] [1, -1] LOGOmMp

, Assumptions - {m # 0, n# 0} ]

bO = iepsh0 / (I €);

Instability Criterion: Application

We want to check that
-(1/(n0072 n1172))( B0 B1 - w (B0+B1) y1+wA2 y1/2) >0

-(1/ (n@OA2n1172)) (BOAL - w (BO+B1) yl+wA2y1Ar2) // Simplify
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N0O2 = fHarm[zero, +1] . fHarm[zero, +1]

N112 = fHarm[k0, -1] . fHarm[kO, -1]

Discr = -(1/ (NOGO2N112)) (bO - w[zero, +1] gl) (bl -w [zero, +1] gl1);
-ILOOOpmM - w[zero, 1] ( fHarm[zero, -1] . fHarm[zero, +1]) // FullSimplify
-I LOkkpm - w[kO@, -1] ( fHarm[kO®, -1] . fHarm[kO, +1]) // FullSimplify
-ILOOOMp - w[zero, 1] ( fHarm[zero, -1] . fHarm[zero, +1]) // FullSimplify

-ILOkkmp - w[kO, -1] ( fHarm[kO, -1] . fHarm[kO, +1]) // FullSimplify

FullSimplify[-I L10kpm-1/2d[zero] Blmk (mul?2 +mu272-N~"2)]

FullSimplify[-I L1kOmp +1/2d[k0] Blpk ( (m+mul) A2+ (n+mu2) A2 -NA2)]

mubar = {(mnA3) / (mA2+n"*2)A(3/2) Tt”2, nt};
DiscrPar = Discr /. {ul -» mubar[1l], pu2 » mubar[2]} ;
Series|[ DiscrPar, {t, 0, 1}, Assumptions - {t >0, n> 0}]
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I[o_] :=If[o= 1,
perp[ k@] . mubar / (2 Q[kO + mubar] ( (k@ + mubar) . (kO + mubar) ))

(Q[kO + mubar] (kO . k0@ - (mubar) . (mubar) ) +

(m+mubar[l] ) N ( Sqrt[k0 . k@] - Sqrt[mubar . mubar] ) ) ,

Iflo=--1,
-perp[kO] . mubar / (2 Q[mubar] ( mubar . mubar) )
(Q[mubar] (kO . k0@ - (kO +mubar) . (kO +mubar) ) +

mubar[1] N (Sqrt[ko . k@] - Sqrt[ (kO + mubar) . (k@ + mubar)]) )

» 011
Series[ I[1], {t, O, 1}, Assumptions » {T > 0}] // FullSimplify
Series[ I[-1], {t, ©, O}, Assumptions » {t > 0}] // FullSimplify

Computation of the discriminant for large Floquet parameters

mupar = {(m/ (3m"2+ 4n”r2)7A(1/2) (n/2+1/t) -m/2,1/1};
DiscrLargePar = Discr /. {ul -» mupar[1l], u2 -» mupar[2]} ;

(» Series[ DiscrLargePar,{z,0,0}, Assumptions-» {t>0,N>0,m>0,n>0}] *)



